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Abstract
A construction of local almost perfect domains Rn such that the Loewy length of Qn/Rn is
ω(n+ 1) is performed, where Qn is the field of quotients of Rn and n is an arbitrary positive integer.
 2004 Elsevier Inc. All rights reserved.
Keywords: Almost perfect domains; Semiartinian modules; Loewy length
Introduction
An almost perfect domain is a commutative integral domain R such that every factor
ring R/I , where I is a nonzero ideal of R, is a perfect ring; this amounts to saying that
R/I is a finite product of local rings with T -nilpotent maximal ideals.
The relevance of almost perfect domains was first shown by S. Bazzoni and the first
author [2]. In that paper almost perfect domains are characterized as those domains R such
that all flat R-modules are strongly flat (i.e., direct summands of extensions of free modules
by torsionfree divisible modules) or, equivalently, such that every R-module has a strongly
flat cover [2, Theorem 4.5]. This result is a natural generalization of the description of
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covers.
In the local case, another characterization of almost perfect domains R in terms of their
torsion modules is available, namely, every torsion R-module is semiartinian or, equiv-
alently, the single module Q/R is semiartinian, where Q denotes the field of quotients
of R. This result follows from the propositions at p. 239 of [7] and from the proof of The-
orem 4.4.1 of [4] (see also [3] Corollary 2.4). Note that the module Q/R generates the
class of the divisible R-modules, since almost perfect domains are Matlis domains (i.e.,
p.d. Q = 1; see [2, Proposition 4.2] and [5, Chapter VII, Theorem 2.8]).
Recall that a module M is semiartinian if it coincides with its Loewy submodule L(M),
the union of the Loewy series of M , whose length is, by definition, the Loewy length l(M)
of M . For every ordinal α, Shores [6, Theorem 7.5] constructed a commutative local semi-
artinian ring Rα (i.e., a local perfect ring) such that l(Rα) = α + 1. Let R be an almost
perfect domain (note that, obviously, l(R) = 0). In view of the above mentioned charac-
terizations, we are led to consider the natural problem of calculating the Loewy length of
the torsion R-modules T . The supremum of these lengths is the Loewy length of Q/R.
In fact, since as noted above Q/R generates all divisible modules, the Loewy length l(D)
of every divisible module D satisfies the inequality l(D)  l(Q/R). Furthermore, every
torsion R-module T embeds into its injective hull, which is torsion and divisible, whence
we get the inequalities l(T ) l(E(T )) l(Q/R). Thus the main question is: what is the
Loewy length of Q/R?
It is easy to see that the Loewy length l(Q/R) of Q/R is always a limit ordinal cofinal
with ω (this depends on the one-dimensionality of R) and that l(Q/R) = ω provided that
the maximal idealM of R is almost nilpotent, i.e., for every nonzero ideal I of R there
exist a positive integer n such thatMn  I .
The first construction of a local almost perfect domain R such that l(Q/R) = ω2 was
given in [3, Propositions 3.13 and 3.15], making use of semigroup rings over fields of pos-
itive characteristic and of suitable submonoids of the additive monoid of the nonnegative
real numbers. A second construction was given in [8, Example 4.4], making use of suitable
discrete valuations defined on the field of the rational functions in infinitely many inde-
terminates over an arbitrary field. Attempting to generalize those constructions in order to
obtain local almost perfect domains with l(Q/R) > ω2, the construction in [8] seems to
be preferable since computations in semigroup rings become extremely difficult as soon as
the involved submonoids of the real numbers become more complicate.
The goal of this paper is to provide a construction of local almost perfect domains Rn
such that l(Qn/Rn) equals ω(n + 1) for any fixed positive integer n. Our construction
generalizes that in [8].
In the first section, for any n 1 we consider the set Sn, consisting of the n-tuples s of
integers  1, the polynomial ring Dn = F [xs : s ∈ S], where F is any field and the xs are
indeterminates indexed by the set Sn, and discrete rank-one valuations vs on the field of
quotients Qn of Dn, indexed by the same set Sn. The way the valuations are defined is the
crucial tool in our construction. We define the domain Rn = F +⋂s∈Sn Ps , where Ps is the
maximal ideal of the valuation domain Vs determined by the valuation vs . For n = 1, one
obtains the construction in [8]. We find the crucial properties satisfied by the valuations vs ,
and we prove that Rn is a local almost perfect domain.
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ity l(Qn/Rn) = ω(n + 1) is achieved by means of a careful description of the elements in
the modules Lσ (Qn/Rn) of the Loewy series of Qn/Rn.
In the brief final section we extend the above construction. We pass from the sets Sn
consisting of n-tuples of integers  1 to the set Sω , whose elements are the sequences
(sn)n∈ω, whose entries are positive integers almost all equal to 1. We obtain a local domain
Rω , whose definition extends that of Rn in a natural way. However, we will prove that Rω
fails to be almost perfect.
1. Constructions of almost perfect domains
The discussions in the present section and in the next one will provide the proof of our
main result.
Theorem. For every integer n  1 there exists an almost perfect domain Rn such that
Qn/Rn has Loewy length ω(n + 1), where Qn is the field of quotients of Rn.
Let n 1 be a fixed integer. We denote by Sn the set of all the n-tuples s = (s1, . . . , sn),
such that the si are integers  1, for 1 i  n. We define an order on Sn, denoted by , in
the following way. Let s = (s1, . . . , sn) ∈ Sn. Then t  s if either t = (s1, . . . , sk,1, . . . ,1),
for a suitable 1 k  n, or t = (1, . . . ,1).
We also consider the pointwise order  on Sn: namely, (t1, . . . , tn)  (s1, . . . , sn) if
ti  si , for 1 i  n. Note that, for any fixed s ∈ Sn there exist only finitely many t ∈ Sn
such that t  s. Obviously the same holds for the pointwise order .
For convenience, let us fix a standing terminology. In the sequel, when we will say that
i is a k-tuple, we will automatically mean that i = (i1, . . . , ik), where the entries ir are all
integers 1. For any m-tuple j = (j1, . . . , jm) of integers, we denote by Π(j) the product
of the entries of j : Π(j) =∏mi=1 ji .
We will make free use of basic notions of the theory of valuations, for which we may
refer to [5, Chapter 2].
Our starting point is the integral domain Dn = F [xs: s ∈ Sn] where the xs are indeter-
minates over the field F , indexed by the set Sn. Let Qn be the field of quotients of Dn. For
all s ∈ Sn, we consider the discrete rank-one valuations vs on the field Qn which extend
the following assignments:
vs(xt ) = Π(s)/Π(t), if t  s; otherwise vs(xt ) = 0.
Given the above vs -values of the indeterminates, the valuation vs is defined in the fol-
lowing natural way:
vs(a) = 0, if 0 = a ∈ F ; vs(0) = ∞; if µ ∈ Dn is a monomial, then vs(µ) is the sum
of the vs -values of its irreducible factors; if 0 = f ∈ Dn, then vs(f ) is the minimal
vs -value of its monomials; if f/g ∈ Q, then vs(f/g) = vs(f ) − vs(g).
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tion vs takes nonzero values only on finitely many indeterminates xt . For convenience, we
set z = x(1,...,1).
Let us setM=⋂s∈Sn Ps and Rn = F +M, where Ps denotes the maximal ideal of the
valuation domain Vs determined by vs . Note thatM = 0, since z ∈M. This key fact was
crucial also in the constructions made in [8].
Throughout the paper we will make repeated use of the following property:
(π ) if t = (1, . . . ,1) and hΠ(t) − 1, then z/xht ∈M.
Property (π ) is easily verified: since vs(xt ) 0 for any s ∈ Sn, it suffices to check that
b = z/xΠ(t)−1t ∈M.
If now t  s, we have vs(b) = Π(s) > 0, since vs(xt ) = 0. Moreover, if t  s, we get
vs(b) = Π(s) − (Π(t) − 1)Π(s)/Π(t) = Π(s)/Π(t) > 0.
Since n is fixed and there is no danger of confusion, in the remainder of this section and
in the next one we will simplify the notation, writing just R, D, S , Q in place of Rn, Dn,
Sn, Qn.
Let us fix some notation. For any s ∈ S , we will denote its entries by s1, . . . , sn. For any
0 = η ∈ Q, when we (uniquely) write η = zkf/g, we mean that f,g are coprime elements
of D and that z  f,g (here k ∈ Z). For any η ∈ Q we denote by Z(η) the finite set of
the indeterminates xs which appear in the standard expression of η = zkf/g. Note that
Z(η) = ∅ if and only if η ∈ F .
If i = (i1, . . . , ir ) is an r-tuple and j = (j1, . . . , js) is an s-tuple, we denote by i ◦ j
their juxtaposition, namely the (r + s)-tuple (i1, . . . , ir , j1, . . . , js).
We associate to any η ∈ Q an integer χ(η), defined in the following way:
χ(η) is the minimal positive integer strictly larger than all the entries si of every s =
(s1, . . . , sn) such that xs ∈ Z(η).
For η ∈ Q, we set χ(η) = (χ(η), . . . , χ(η)), the n-tuple whose entries are constantly
equal to χ(η).
In the forthcoming series of technical lemmas we will calculate in detail the values of
the various valuations on the elements of Q.
Lemma 1. Let η = zkf/g ∈ Q, where η = 0. We have:
(a) vs(η) = kΠ(s), for every s ∈ S such that s1  χ(η).
(b) Let us fix a r-tuple i = (i1, . . . , ir ), with r < n. Then there exists an integer λ(i, η),
depending on i and η, such that
vi◦j (η) = λ(i, η)Π(j),
for every (n − r)-tuple j = (j1, . . . , jn−r ) such that j1  χ(η).
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vi◦j (η) = λ(i, η)Π(j). In particular, the preceding equality holds for almost all the
r-tuples i .
Proof. (a) Let us denote by f0, g0 the specializations of f,g at z = 0. Then f0, g0 are
both nonzero and z neither lies in Z(f0) nor in Z(g0). We first examine the easier case
when Z(f0) ∪ Z(g0) = ∅. Then from f0, g0 ∈ F and z ∈M we readily get f,g /∈M,
and so f and g are units of R. It follows that vs(f ) = vs(g) = 0 for any valuation vs ,
whence vs(η) = vs(zk) = kΠ(s). Let us now assume that Z(f0) ∪ Z(g0) = ∅. Of course
we have Z(f0) ∪ Z(g0) ⊆ Z(η). Then χ(η) is larger than the first entry t1 of every t such
that xt ∈ Z(f0) ∪ Z(g0). By the definition of the valuations, it follows that vs(xt ) = 0,
for every s ∈ S such that s1  χ(η). Then, for such a choice of s, we also get vs(f ) =
vs(f0) = vs(g) = vs(g0) = 0. We conclude that vs(η) = vs(zk) = kΠ(s), for every s ∈ S
such that s1  χ(η), as desired.
(b) Since η is a fraction of two (coprime) elements of D, it is clearly enough to prove our
statement in the case when η = f ∈ D. We split Z(f ) into two mutually disjoint subsets
Z1 and Z2, where xs ∈ Z1 if and only if s has the form s = (i1, . . . , ih,1, . . . ,1), for a
suitable h r .
An arbitrary monomial of f may be written as a product of two coprime factors φψ ,
where xs divides φ if and only if xs ∈ Z1. Note that if xs lies in Z1 then s  i ◦ j for any
choice of a (n− r)-tuple j . Using the definitions of the valuations, we readily see that, for
every xs ∈ Z1, there exists an integer µ(s) such that vi◦j (xs) = µ(s)Π(j). It follows that
there exists an integer µ such that vi◦j (φ) = µΠ(j), for every (n − r)-tuple j .
Let us now examine the factor ψ , whose divisors lie in Z2. Let xt ∈ Z2. It is easy to
verify that t  i ◦ j , for every j such that j1  χ(η), since the (r + 1)th entry tr+1 of
t is strictly smaller than j1, by the choice of χ(η) (recall that xt /∈ Z1). It follows that
vi◦j (xt ) = 0. We conclude that vi◦j (ψ) = 0 for every (n − r)-tuple j such that j1  χ(η).
Since the value of f is the inf of the values of its monomials, we easily reach the desired
conclusion.
(c) Let s = (s1, . . . , sn) be such that xs ∈ Z(η). Then s < χ(η), by the definition of χ(η).
Let us write Z(f ) = Z1 ∪Z2, where Z1,Z2 are the same as in the proof of (b). Let us take
xt ∈ Z2. We promptly see that t  i ◦ j , whenever i ◦ j ≮ χ(η), and therefore vi◦j (xt ) = 0.
Let us now pick xs ∈ Z1. In this case we have s  i ◦ j , for any choice of the (n − r)-tup-
le j , and therefore vi◦j (xs) = cΠ(j), where c is a suitable integer depending on i and s,
but not on j . By the definition of the valuations, we conclude that vi◦j (η) = d(i, η)Π(j),
whenever i ◦ j ≮ χ(η), where d(i, η) is a suitable integer, not depending on the choice
of j . On the other hand, (b) implies that vi◦j (η) = λ(i, η)Π(j), whenever j1  χ(η). We
easily conclude that λ(i, η) = d(i, η), whenever i ◦ j ≮ χ(η), as desired.
The final part of the statement is clear, since there are only finitely many s ∈ S less than
χ(η) in the pointwise order. 
The preceding lemma allows us to define uniquely the integer λ(i, η), for any given
r-tuple i and any η ∈ Q. It is readily seen that the following useful equality is satisfied:
λ(i, ab) = λ(i, a)+ λ(i, b), ∀a, b ∈ Q.
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and j ′ = (j2, . . . , jn−r ). Then i ◦ j = i ′ ◦ j ′.
The next two lemmas deal with properties of the integers λ(i, η) determined in
Lemma 1(b).
Lemma 2. Let the notation be as above and let η = zkf/g ∈ Q. Then for every n-tuple
i ◦ j = i ′ ◦ j ′, which is not less than χ(η) in the pointwise order, we have j1λ(i, η) =
λ(i ′, η). In particular, the preceding equality holds for almost all the r-tuples i.
Proof. We apply Lemma 1(c) to both i ◦ j and i′ ◦ j ′. We have
vi′◦j ′(η) = λ
(
i ′, η
)
Π
(
j ′
)
,
whenever i′ ◦ j ′ ≮ χ(η). From i ◦ j = i′ ◦ j ′, we get
vi ′◦j ′(η) = λ
(
i′, η
)
Π
(
j ′
)= vi◦j (η) = λ(i, η)Π(j) = λ(i, η)j1Π(j ′).
The desired equality follows at once. 
Lemma 3. Let η = zkf/g ∈M. Then k > 0 and λ(i, η) > 0, for every r-tuple i.
Proof. Since vs(η) > 0 for every s ∈ S , our statement follows immediately from
Lemma 1. 
We can now prove the main result of this section. We first recall the standard character-
izing property of almost perfect local domains, which is an immediate consequence of the
characterizations of perfect rings given by Bass [1, Theorem P]; see also [3,7,8]):
Let R be a local ring with maximal idealM. Then R is almost perfect if and only if for
every sequence {an: n > 0} ⊆M and every 0 = b ∈M there exists an integer k > 0
such that a1 · · ·ak ∈ bR.
Theorem 4. R = F +M is almost perfect.
Proof. Let us fix 0 = b ∈M and let us choose any sequence {an: n > 0} ⊆M. Using
Lemmas 1(a) and 3, we at once see that there exists an integer r1 such that vs(b) < r1Π(s),
for every s such that s1 is larger than χ(b). Moreover, still in view of Lemmas 1(a) and 3,
for every fixed n > 0 we have vs(an)Π(s), whenever s1  χ(an).
We easily get that there is an index s∗1 such that
vs(b) < vs(a1 · · ·ar1) ∀s1  s∗1 .
Let us now consider any s ∈ S with s1 < s∗1 . Applying Lemma 1(b) to b, we see that
there exists an integer λ(s1, b), depending on s1 and b, such that vs(b) = λ(s1, b)Π(s)/s1,
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easily conclude that there exists an integer r2 such that vs(b) < r2Π(s)/s1, whenever s2 is
larger than χ(b). Moreover, in view of Lemmas 1(b) and 3, for every fixed n > 0 we have
vs(an)Π(s)/s1, whenever s2 is larger than χ(an).
It is now clear that there exist an integer r2 and an index s∗2 such that
vs(b) < vs(a1 · · ·ar2) ∀s2  s∗2 .
Note that we may safely take r2 > r1, so that the above inequality is valid even for the
n-tuples s with s1  s∗1 . Therefore we will assume that the above inequality holds for all
s ∈ S such that s2  s∗2 .
Repeating this procedure, we construct a n-tuple s∗ = (s∗1 , . . . , s∗n) and positive integers
r1 < r2 < · · · < rn, such that, for 1 i  n the following inequality is satisfied
vs(b) < vs(a1 · · ·ari ),
for all s ∈ S such that si  s∗i .
Let us set r = rn. Then, whenever s ∈ S is not smaller than s∗ in the pointwise order
(equivalently: si  s∗1 for some i  n), we have
vs(b) < vs(a1 · · ·ar).
Since there are only finitely many elements of S smaller than s∗, we may define m =
max{vs(b): s < s∗}. If we set M = r + m+ 1, we finally conclude that
vs(b) < vs(a1 · · ·aM) ∀s ∈ S.
We have thus seen that a1 · · ·aM/b ∈M, whence a1 · · ·aM ∈ bR. We conclude that R is
almost perfect, as desired. 
Remark. In the next section we will prove that the domain R constructed in this section
is such that Q/R is a semiartinian module (of Loewy length ω(n + 1)). This will auto-
matically imply that R is almost perfect, in view of the characterization of almost perfect
domains given in [4] and recalled in the introduction. However, we thought it convenient
to include Theorem 4, in order to provide a direct and easier proof that R satisfies the
property.
2. The Loewy length of Q/R
The final aim of the present section is to achieve the following result.
Theorem 5. If R is the local domain constructed in the first section, then Q/R is a semi-
artinian module with l(Q/R) = ω(n + 1).
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allow us to calculate the ascending Loewy series of Q/R and the Loewy length of Q/R.
The definitions of ascending Loewy series and Loewy length of an R-module may be
found, for instance, in Section 2 of [6].
Let us introduce some notation. For any ordinal α, the αth Loewy submodule of Q/R
has the form Lα/R. Thus, for our purposes, it is enough to find the R-submodules Lα of Q.
For any nonnegative integer m we define the following R-submodules of Q:
T−m =
{
η ∈ Q: vs(η)−m, ∀s ∈ S
}
.
Note that T0 =⋂s∈S Vs .
Lemma 6. Let the notation be as above. For all m 0 we have Lm+1 = T−m.
Proof. Let us first show that L1 = T0. Since T0 =⋂s Vs , we have T0M⊆M⊆ R, so that
T0 ⊆ L1 follows at once. To get the equality, it suffices to show that, for any given η ∈ Q,
from η /∈ T0 it follows ηM ⊆ R. From η /∈ T0 we get vs(η) < 0, for a suitable s ∈ S .
Let us first suppose that there exists a choice of s such that s = (1, . . . ,1). Let h =
Π(s) + vs(η), and consider the element b = z/xhs . Note that property (π ) implies that
b ∈M, since h  Π(s) − 1. Let us now assume, by contradiction, that ηM ⊆ R. Then,
in particular, ηb ∈ R. Since vs(ηb) = 0, we have ηb /∈M. Therefore we must have ηb =
a + δ, where 0 = a ∈ F and δ ∈M. Let us now choose any t = (1, . . . ,1) such that s  t .
This is possible since s = (1, . . . ,1). Since z/xt ∈M (again by property (π )), we have
ηz/xt = c + γ , where c ∈ F and γ ∈M. We derive that
c + γ = (ηz/xhs )xhs /xt = (a + δ)xhs /xt .
It follows that
xt (c + γ ) = xhs (a + δ),
and this yields the required contradiction, since vt (xt (c+γ )) 1, while vt (xhs (a+δ)) = 0,
since a = 0 (this argument is an adaptation of that in [8, Proposition 4.2]).
The second case to consider is when, necessarily, s = (1, . . . ,1). Then an easy check
shows that η = zkf/g with k < 0. We now choose t ∈ S such that t  s, for every s =
(1, . . . ,1) such that xs ∈ Z(η). We get vt (f/g) = 0. Now z−k/xt ∈M and vt (ηz−k/xt ) =
vt (f/g) − vt (xt ) = −1. We conclude that ηz−k/xt /∈ R, another contradiction.
Assume now, by induction, that Lm = T−m+1. It is clear that T−mM ⊆ T−m+1 = Lm,
whence T−m ⊆ Lm+1. Conversely, assume that η /∈ T−m, that is vs(η) < −m, for a suitable
s ∈ S . Now we have
b = z/xΠ(s)−1s ∈M and vs(b) = 1.
Then from vs(ηb) = vs(η) + 1 < −m + 1 we get ηM ⊆ T−m+1 = Lm. Therefore we have
T−m ⊇ Lm+1, as well. The desired conclusion follows. 
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.We introduce more notation involving the integers λ(i, η) introduced in Lemma 1.
For integers m 0 and 1 h < n we define the following submodules of Q:
T h−m =
{
η ∈ Q: λ(i, η)−m, for every (n − h)-tuple i}. (1)
The following observation will be useful.
Lemma 7. Let η = zkf/g be an element of T h−m, for some 1  h < n and m  0. Then,
necessarily, k  0.
Proof. From Lemma 1 we get
vi◦j (η) = kΠ(i)Π(j) = λ(i, η)Π(j)−mΠ(j),
whenever, for instance, i1 and j1 are both larger than χ(η). It follows that kΠ(i) −m,
for all i such that i1  χ(η), which is clearly possible only if k  0. 
The next lemma is the most delicate stage in establishing the Loewy series of Q/R.
Lemma 8. For 1 h n − 1 and for all m 0 we have Lωh+m = T h−m.
Proof. We proceed by steps.
Step 1. For 1 h n − 1 and for all m 1 we have T h−m = {η ∈ Q: ηM⊆ T h−(m−1)}.
Let us take η ∈ T h−m and b ∈M. In view of Lemma 3, we know that λ(i, b) > 0, for
every (n − h)-tuple i . Therefore λ(i, ηb)  −m + 1 for all i, so that ηb ∈ T h−m+1. We
conclude that T h−mM⊆ T h−m+1.
Let us now take any η = zkf/g /∈ T h−m and prove that ηM ⊆ T h−m+1.
Let us first assume that k  0. Then η /∈ T h−m implies the existence of a suitable (n−h)-
tuple i such that λ(i, η) < −m. Now we choose b = z/xΠ(i)−1i◦(1...1), which lies inM. Then it
is readily seen that λ(i, b) = 1. Therefore we get
λ(i, bη) = λ(i, b)+ λ(i, η) = 1 + λ(i, η) < −(m − 1).
We readily conclude that bη /∈ T h−m+1.
Let us now assume that k < 0. Recall that Lemma 1(a) implies that vi◦j (f/g) = 0 for
every i such that i1  χ(η). We now take any (n − h)-tuple i such that i1  χ(η) and
Π(i) > m. For such a choice of i we have λ(i, η) = kΠ(i) −Π(i) < −m. Let us now
consider the element
c = z−k/xΠ(i)−1i◦(1...1).
Property (π ) implies that c ∈M and an easy check shows that λ(i, c) = −kΠ(i) − Π(i) + 1
Then it follows that λ(i, cη) = −Π(i) + 1 < −(m − 1). This shows that cη /∈ T h .−m+1
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We proceed by induction on m. We first prove that T 10 = Lω =
⋃
m>0 Lm.
Let η ∈ Lω . Then there exists an integer m 0 such that vs(η)−m for all s ∈ S . In
view of Lemma 1(b) (see also the proof of Lemma 7), this is possible only if λ(i, η) 0
for every (n − 1)-tuple i. Therefore η ∈ T 10 . We conclude that Lω ⊆ T 10 .
Conversely, let η ∈ T 10 . By the definition and Lemma 1(c), we get vi◦j1(η) 0, when-
ever the n-tuple i ◦ j1 is not less than χ(η) in the pointwise order. We easily conclude that
vs(η) may be negative only for finitely many s ∈ S . Therefore there exists m 0 such that
vs(η)−m, for all s ∈ S , which means that η ∈ Lω . We have thus verified the converse
inclusion T 10 ⊆ Lω.
By induction, let us assume that Lω+m−1 = T 1−m+1 for some m  1. From Step 1 we
know that ηM⊆ T 1−m+1 = Lω+m−1 if and only if η ∈ T 1−m. This implies that T 1−m = Lω+m,
as desired.
Step 3. Let h 2. We have Lωh+m = T h−m, for all m 0.
In view of Step 2, we may argue by induction on h assuming that Lω(h−1)+m = T h−1−m ,
for all m 0.
We now use induction on m. Let us first prove that T h0 = Lωh =
⋃
m>0 Lω(h−1)+m.
Let η ∈ Lωh. Then there exists an integer m  0 such that η ∈ T h−1−m . Now we adopt the
same notation as in Lemma 2. Let i = (i1, . . . , in−h) be any (n−h)-tuple, and consider the
(n−h+1)-tuple i ′ = (i1, . . . , in−h, j1). By the definition of T h−1−m , we have λ(i ′, η)−m.
Now we choose a h-tuple j with both j1 and j2 larger than χ(η). Applying Lemma 1(b)
to both i and i ′, we get
vi◦j (η) = λ(i, η)Π(j) = λ(i, η)j1Π
(
j ′
)= vi′◦j ′(η) = λ(i ′, η)Π(j ′)−mΠ(j ′).
It is clear that the above relation may hold only if λ(i, η)  0. Since the (n − h)-tuple i
was arbitrary, we conclude that η ∈ T h−m. We have thus verified that Lωh ⊆ T h0 .
Conversely, let η ∈ T h0 . Then λ(i, η)  0, for every (n − h)-tuple i. In view of
Lemma 1(c), we know that λ(i ′, η) = j1λ(i, η) 0 for almost all the (n− h+ 1)-tuples i ′.
Therefore there exists an integer m  0 such that λ(i ′, η)  −m for every (n − h + 1)-
tuple i ′. This means that η ∈ T h−1−m ⊂ Lωh. We have thus verified the converse inclusion
T h0 ⊆ Lωh.
By induction, let us assume that Lωh+m−1 = T h−m+1, for some m  1. We may again
invoke Step 1. We have ηM⊆ T h−m+1 = Lωh+m−1 if and only if η ∈ T h−m, whence T h−m =
Lωh+m. We have verified the inductive step, and the desired conclusion follows. 
Finally, we define the following submodules of Q:
T n−m =
{
η = zkf/g: k −m}. (2)
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T n−m =
{
η ∈ Q: vs(η)−mΠ(s), ∀s ∈ S with s1  χ(η)
}
. (3)
We may prove our final lemma, which concludes the proof of Theorem 5.
Lemma 9. For all m 0 we have Lωn+m = T n−m. Moreover Q = Lω(n+1).
Proof. We argue by induction. Let us first prove that T n0 = Lωn =
⋃
m>0 Lω(n−1)+m.
Assume that η = zkf/g ∈ T n0 . Then k  0. Using Lemma 1, we may easily check that
λ(i1, η) = ki1  0, for every i1  χ(η). Since there are finitely many i1 < χ(η), we derive
that there exists m 0 such that λ(i1, η) −m for every positive integer i1. This means
that η ∈ T n−1−m ⊂ Lωn. We conclude that T n0 ⊆ Lωn.
Conversely, let η = zkf/g ∈ Lωn. Then η ∈ Ln−1−m , for a suitable m 0, and this implies,
in particular, that k  0, in view of Lemma 7. Therefore η ∈ T n0 and we get the converse
inclusion Lωn ⊆ T n0 .
By induction, let us assume that Lωn+m−1 = T n−m+1. Let us take η = zkf/g ∈ T n−m
and b = zrf1/g1 ∈M. Then k  −m, and r > 0, in view of Lemma 3. It follows that
ηb = zk+r (ff1)/(gg1), where k+ r  k+1−(m−1), which shows that ηb ∈ T n−m+1 =
Lωn+m−1. We conclude that T n−mM⊆ Lωn+m−1, whence T n−m ⊆ Lωn+m .
Conversely, let us take any η /∈ T n−m and prove that ηM ⊆ Lωn+m−1 = T n−m+1. Let
η = zkf/g. Then k < −m, whence we readily see that ηz /∈ T n−m+1. This shows that ηM ⊆
T n−m+1 = Lωn+m−1, whence η /∈ Lωn+m . We have thus verified the inductive step.
Finally, the equality Q = Lω(n+1) follows from the obvious equality
Q =
⋃
m>0
T n−m. 
3. Rω is not almost perfect
The constructions of the preceding sections can be extended from n ∈ N to ω in a natural
way, thus obtaining a local domain Rω . We shall see that Rω , in distinction to the finite case,
is not almost perfect.
Let Sω denote the set of the sequences s = (sn)n∈ω of positive integers (i.e., sn  1
for all n), such that sn = 1 for almost all n ∈ ω. We denote by e the constant sequence
(1,1,1, . . .). Given s = (sn)n∈ω and t = (tn)n∈ω in Sω , we set t  s if either t1 = s1, t2 =
s2, . . . , tk = sk,1 = tk+1 = tk+2 = · · · , for a suitable k > 0, or t = e. For s = (sn)n∈ω ∈ Sω ,
it makes sense to define Π(s) =∏n∈ω sn.
Let us consider the integral domain Dω = F [xs: s ∈ Sω] where the xs are indetermi-
nates over the field F . In a similar way as in Section 1, for all s ∈ Sω we consider the
valuations vs on the field Qω = Q(Dω) which extend the following assignments:
vs(xt ) = Π(s)/Π(t), if t  s; otherwise vs(xt ) = 0.
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main Vs determined by the valuation vs .
Let z = xe. From the definition of the valuations it follows at once that t  s im-
plies vs(z) = Π(t)vs(xt ). Moreover, like for property (π) in the first section, we see that
z/x
Π(t−1)
t lies in
⋂
s∈Sω Ps , for every t ∈ Sω .
Proposition 10. The domain Rω is not almost perfect.
Proof. In order to show that Rω is not almost perfect, it is enough to find a sequence
{pk}k>0 contained in M =⋂s∈Sω Ps , such that p1p2 · · ·pr /∈ zRω, for every r > 0. For
every k > 0 we consider the element (sn)n∈ω of Sω such that sn = 2 for 1  n  k and
sn = 1, for n > k. We denote such element by t k . We have Π(t k) = 2k . Let us set
pk = z/x2k−1t k .
As observed above, we have pk ∈M. Moreover, vt k (pk) = 1. Our aim is to show that
p1p2 · · ·pr /∈ zRω, for any r  1. Since Rω ⊂⋂s∈Sω Vs , it clearly suffices to show that
vt r
(
zr−1
)
< vt r
(
r∏
i=1
x2
i−1
t i
)
. (4)
We have vt r (z
r−1) = (r − 1)2r . Now observe that vt r (xt i ) = Π(t r)/Π(t i) = 2r−i for all
i  r , since t i  t r . Then we get
vt r
(
r∏
i=1
x2
i−1
t i
)
=
r∑
i=1
(
2i − 1)Π(t r )/Π(t i) =
r∑
i=1
(
2i − 1)2r−i = r∑
i=1
2r −
r∑
i=1
2r−i
= (r − 1)2r + 1.
We have thus verified the desired inequality (4). 
References
[1] H. Bass, Finitistic dimension and a homological generalization of semiprimary rings, Trans. Amer. Math.
Soc. 95 (1960) 466–488.
[2] S. Bazzoni, L. Salce, Strongly flat covers, J. London Math. Soc. (2) 66 (2002) 276–294.
[3] S. Bazzoni, L. Salce, Almost perfect domains, Colloq. Math. 95 (2) (2003) 285–301.
[4] E. Enochs, O.M.G. Jenda, Relative Homological Algebra, in: de Gruyter Exp. Math., 2000.
[5] L. Fuchs, L. Salce, Modules over Non-Noetherian Domains, in: Math. Surveys Monogr., vol. 84, Amer. Math.
Soc., 2001.
[6] T.S. Shores, Loewy series of modules, J. Reine Angew. Math. 265 (1974) 183–200.
[7] J.R. Smith, Local domains with topological T-nilpotent radical, Pacific J. Math. 30 (1969) 233–245.
[8] P. Zanardo, Almost perfect local domains and their dominating Archimedean valuation domains, J. Algebra
Appl. 1 (4) (2002) 451–467.
